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Abstract In this paper we study the Fokker-Planck operator with potential V(x), and analyze some kind of 
conditions imposed on the potential to ensure the validity of global hypoelliptic estimates (see Theorem ll.lb . 
As a consequence, we obtain the compactness of resolvent of the Fokker-Planck operator if either the Witten 
Laplacian on 0-forms has a compact resolvent or some additional assumption on the behavior of the potential at 
infinity is fulfilled. This work improves the previous results of Herau-Nier j 5 1 and Helffer-Nier [ 3;] , by obtaining 
a better global hypoelliptic estimate under weaker assumptions on the potential. 



1 Introduction and main results 

In this work we consider the Fokker-Planck operator 



where x denotes the space variable and y denotes the velocity variable, and V(x) is a potential defined in the 
whole space R™. There have been extensive works concerned with the operator P, with various techniques from 
different fields such as partial differential equation, spectral theory and statistical physics. In this paper we will 
focus on analyzing some kind of conditions imposed on the potential V(x), so that the Fokker-Planck operator P 
admits a global hypoelliptic estimate and has a compact resolvent. This problem is linked closely with the trend 
to equilibrium for the Fokker-Planck operator, and has been studied by Desvillettes-Villani, Helffer-Nier, Herau- 
Nier and some other authors (see (2]|3l0 an d the references therein). It is believed that the global estimate and 
the compactness of resolvent are related to the properties of the potential V(x) . In the particular case of quadratic 
potential, the theory is well developed. As far as general potential is concerned, different kind of assumptions 
on V(x) had been explored firstly by Herau-Nier and then generalized by Helffer-Nier 0. This work is 
motivated by the previous works of Herau-Nier and Helffer-Nier, and can be seen as an improvement of their 
results. Our main result is the following. 

Theorem 1.1 Let V{x) £ C 2 (R") be a real-valued function satisfying that 



V \a\ =2, 3C a >0, \d%V(x)\ <C a [l + \d x V(x)\ 2 y with s < (1.2) 
Then there is a constant C, such that for any u £ Cfi° (R 2 ") one has 

|| \d x V(x)\^ u\\ L2 <C{ \\Pu\\ L2 + \\u\\ L2 }, (1.3) 
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and 



+ H (l-A y + \y\ 2 y u \\ L2 <c{||Pu|| i2 + || U || L2 }, (1.4) 



l 



where 8 equals to ^ if s < |, g — s if g < s < ^ , and | — % if < s < |. Here and throughout the paper 
we will use \\ ■ \\ L 2 to denote the norm of the complex Hilbert space L 2 (IR 2 ™) , and denote by (K 2n ) the set 
of smooth compactly supported functions. 

Remark 1.2 In particular, if the assumption ( 11.2b is fulfilled with s = |, then we have the following hypoel- 
liptic estimate which seems to be optimal: 

Vu e (R 2n ) , || \d x V(x)\K\\ L2 + || (1 - A x )i u\\ L2 < c{||Pu|| ia + |M| L2 }. 
Moreover one can deduce from the above estimate a better regularity in the velocity variable y, that is, 

VueC^K 2 "), || (l- A y + M 2 ) U || L2 <c{||P u || L2 + |H| i2 }. 

This can be seen in Proposition ^, ll in the next section. 

Corollary 1.3 The Fokker-Planck operator P has a compact resolvent if the potential V(x) satisfies (17.21 1 and 
that lim Ic^l^x) = +oo. 

\x\— >-f oo 

To analyze the compactness of resolvent of the operator P, the hypoellipticity techniques are an efficient tool, 
one of which is referred to Kohn's method [7] and another is based on nilpotent Lie groups (see 14, 81). Kohn's 
method had been used by Herau-Nier to study such a potential V(x) that behaves at infinity as a high-degree 
homogeneous function. More precisely, if V(x) satisfies that for some C, M > 1, 

^{x) 2M - 1 < (l + \d x V(x)\ 2 y andV| 7 |>0, \%V(x)\ < C 7 {x) 2M ~^ , (1.5) 

where (x) = ^1 + \x\ 2 ^j ~ , then Herau-Nier established the following isotropic hypoelliptic estimate, by use of 
the global pseudo-differential calculus, 

||Aj >2 /u|| i2 < C { \\Pu\\ L2 + \\u\\ L2 } (1.6) 

i 

with A x , y = (l — A x — A y + | | | 2 + | \y\ 2 ^j ■ By developing the approach of Herau-Nier, Helffer-Nier 
Q obtained the same estimate as above for more general V(x) which satisfies that for some C,k > 1, 

i<*>* < (l + \d x V(x)\ 2 Y <C{x) k andV| 7 |>0, \d%V(x)\ < C 7 (l + \d x V(x)\ 2 ) K (1.7) 

As for the Kohn's proof for the hypoellipticity, the exponent j in (11.6b is not optimal. A better exponent, which 
seems to be | as seen in 0, can be obtained via explicit method in the particular case when V(x) is a non- 
degenerate quadratic form. Moreover Helffer-Nier studied such a V(x) that satisfies 

V|a|=2, \d^V(x)\<C a {l + \d x V(x)\ 2 ^ 2 withp>-, (1.8) 

and obtained the estimate 

|| \d x V{x)\^ u\\ L2 <C{ \\Pu\\ L2 + \\u\\ L2 }. (1.9) 

This generalized the quadratic potential case, and their main tool is the nilpotent technique that initiated by 
and then developed by 0. Although the estimate ( 11.91 ) is better, the condition ( 11.8b is stronger than ( 11.7b for the 
second derivatives, and comparing with ( 11.6b , we see that in ( 11.9b some information on the Sobolev regularity in 
x is missing. In ( 11.2b we get rid of the assumptions on the behavior of d x V(x) at infinity. This generalizes the 
conditions ( 11.51 ) and ( 11.71 ). Moreover, the exponent in ( 11.31 ) is |, better than j established in ( 11.6b . Besides, we 
have relaxed the condition ( 11.8b by allowing the number p there to take values in the interval ] — i, +oo[. As 
seen in the proof presented in Section[3j our approach is direct, which seems simpler for it doesn't touch neither 
complicated nilpotent group techniques nor pseudo-differential calculus. 
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Another direction to get the compact resolvent is to analyze the relationship between P and the Witten Laplace 
operator A^L defined by 

A$ 2 = -As + i \d x V{x)\ 2 - \a x V{x). 

In (3), Helffer-Nier stated a conjecture which says that the Fokker-Planck operator P has a compact resolvent 
if and only if the Witten Laplacian A^L has a compact resolvent. The necessity part is well-known, and under 
rather weak assumptions on the potential V, saying V G C°° (R 2n ) for instance, if the Fokker-Planck operator P 
has a compact resolvent then the Witten Laplacian A^L has a compact resolvent. The reverse implication still 

remains open, and some partial answers have been obtained by [ 3 , 5 1 . For example, suppose V G C°° (R 2 ™ ) such 
that 

V | 7 | > 0, Vx g R 2n , \d2V(x)\ < C 1 (l + \d x V{x)\ 2 ) ~ 2 , 
3 M, C> 1, V x G R 2 ", \d x V(x)\ < C (x) M , 

and 

i 

3 k > 0, V |a| = 2, Vi G R 2 ™, < C a (l + \d x V(x)\ 2 ^ 2 (.t)^. 

Then the operator P has a compact resolvent if the Witten Laplace operator Ayj 2 has a compact resolvent (see 
Corollary 5.10 of [3]). Due to Theorem ll.il we can generalize the previous results as follows. 

Corollary 1.4 Let V(x) satisfy the condition ( 17. 2D . Then the Fokker-Planck operator P has a compact resol- 
vent if the Witten Laplacian A^y 2 has a compact resolvent. 

The paper is organized as follow. In the next section we introduce some notations used throughout the paper, 
and then present some regularity results on the velocity variable y. Since the proof of Theorem ll.ll is quite lengthy, 
we divide it into two parts and proceed to handle them in Section [3] and Section |U The proof of Corollary 1 1 .41 
will be presented in Section[5] 

2 Notation and regularity in velocity variable 

We firstly list some notations used throughout the paper in Subsection l2.ll and then establish the regularity in the 
velocity variable y in Subsection l2.2l This will give the desired estimate on the second term on the left of ( 11.4b . 

2.1 Notation 

Throughout the paper we denote by the dual variables of (x,y), and denote by (•, ■) L2 the inner product of 
the complex Hilbert space L 2 (R 2n ) . Set 

D x .=-id x ., D y . = -id Vj andD x = (D Xl , ■ ■ ■ ,D Xn ), D y = (D Vl , ■ ■ ■ ,D Vn ). 

Let A y be the operator given by 

A y =(l + l\y\ 2 -A y y . 

Observing |9 a; V'(a;)| is only continuous, we have to replace it sometimes by the equivalent C 1 function f(x) 
given by 

f(x)= (l + \d x V(x)\ 2 Y . 
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Denoting Q = y ■ D x — d x V(x) ■ D y and Lj = d Vj + j = 1, ■ • • n, we can write the operator P given in d 1 - 1 b 



P = iQ + J2 L *i L J- 

3=1 



(2.1) 



2.2 Regularity in the velocity variable 

In view of the expression (I2.lt . we see that the required estimate on the term 1 1 A y u\ L 2 is easy to get, without any 
assumption on the potential V(x). Indeed, As a result of (12. 11 ). we have 

n 

Vug C °°(R 2n ), ^ ||ijtt||^ < Rc(Pu, u) L2 , (2.2) 

3=1 

from which one can deduce that 

VugC °°(R 2 "), \\A y u\\ 2 L2 <c{\(Pu, u) L2 \ + \\u\\ 2 L2 y (2.3) 

This gives the desired estimate on the second term on the left of (11.4b . 

For constant potential, i.e., d x V(x) = 0, starting from the regularity in x, we can derive a better Sobolev 
exponent, which is known to be 2, for the regularity in y variable (see for instant JT|). When general potential is 
involved, we have the following estimate. 

Proposition 2.1 There exists a constant C such that for any u G (M 2n ) , 



\K 2 y u\\ L2 <c\\\ \d x V(x)\i 



+ ||(l-A x )*«|| Xiil + ||Pu|| ia }, 



or equivalently, 



x;iiL^«ii La <c{iiiwx)|i 



\L 2 



+ II (1- A a )» u\ 



L- 



Pu 



L- 



(2.4) 



(2.5) 



3=1 



Proof. In this proof we show (12.51 ). Using ( 12.21 ) gives 

||ijL*u||^ 2 < Rc (PL*u, Llju) 2 

= Re([P, L*]u, L*u) L2 + Re (Pu, L 3 L*u) L2 



< Re([P, L*]u, L*u) L2 + ^\\L ] L*u\\ 2 L2 +2\\Pu\ 



2 

L- ' 



Hence 



|L,L>|| i2 < 2 



(IP L*]u, L*u) 



L- 



■4 Pu 



L' 1 ' 



Now assume the following estimate holds, for any e > 0, 



([P,L*}u,L*u) L2 



^ e ll i J L >ll^ 



' 8 {|||S*V|t«||^ + ||(1 - A a )*u||' a + ||Pu||' 2 }.(2.6) 



Then combining the above two inequalities and then letting e small enough, we get the desired estimate ( 12.5b . 
In order to show ( 12.61 ), we make use of the following commutation relations satisfied by iQ,Lj,Lt,j,k = 



1,2, ■ • • ,n, 



[iQ, Lj] = --d Xj V{x) + d Xj , [Lj , L k ] = [Lj , L%\ = 0, [L 3 , L* k ] = 5 ]k ; 



this gives 



[P, L*] = --d Xj V(x) + d x .+L*j. 



Then 



([P,L*]u,L*u) L2 < (L*u,L*u) L2 + 



{{-\d Xj V{x) + d X3 )u, L*u) 



< 



L 2 

C{\\ \d x V(x)\i u\\ 2 L2 + \\(l-A x )i u\\ 2 L2 + \\L 3 u\\ 2 L2 } 
+C { \\Lj \d x V(x)\i u\\ 2 L2 + \\Lj (1 - A x )* u\\ 2 L2 } . 



Moreover, note that 



\L \d x V(x)\3u\ 



L- 



L*jLjU, \d x V(x)\*u 



L 2 



L 3 L*u, \d x V(xp u) -(«, \d x V(x)\*u) , 



L 2 



L 2 



and hence 



Ve > 0, \\L 3 \d x V(x)\$ uf L2 < eWL^uWl, + C z { || \d x V{x)\- 



L 2 



}■ 

Similarly, 

V e > 0, \\Lj (1 - A x )i u\\ 2 L2 < e\\L 3 L*u\\ 2 L2 + C e { || (1 - A r )3 u||^ + \\u\\ 2 L2 } . 
These inequalities yield ( 12.61 ). The proof of Proposition ^. H is thus completed. □ 

3 Proof of Theorem ll.lt the first part 

In this section we only show (11.3b and postpone (11.4b to the next section. Let V{x) satisfy the assumption (11.2b . 
Then using the notation 



f(x) = (l+\d x V(x)\- 



2\ 2 



we have 

Vie E", \d x f\ < Cf{x) s with s < -. 

The following is the main result of this section. 

Proposition 3.1 Suppose f satisfies the condition f li.il ). Then 

30 0, ViiGC °°(l 2 "), ||/(a;)iu|| L2 < C { \\Pu\\ L2 + \\u\\ L2 } 



(3.1) 



(3.2) 



Proof. To simplify the notation, we will use the capital letter C to denote different suitable constants. Let 
JJeC 1 (R 2 ™) be a real-valued function given by 

R=R(x,y) = 2f(x)-id x V(x)-y. 
We can verify that 

V«e C °°(R 2 ™), \\Ru\\ L2 < C\\ |y|/(aO*u|| £a < C\\A y f(x)^u\\ L2 . 

Recall P = iQ + Yl^—i LjLj with Q = y ■ D x — d x V(x) ■ D y and Lj = d Vj + Then the above inequalities 
together with the relation 



Re (Pu, Ru) L 2 = Re (iQu, Ru) L2 + Re^ (L*Lju, Ru) 

3 = 1 



L 2 



yield 

n 

Rc (iQu, Ru) L2 < \\Pu\\ 2 L2 + \\A y f(x)iu\\ 2 L . 2 +^ \(L*L jU , Ru) l2 . (3.3) 

i=i 

Next we will proceed to treat the terms on both sides of ( 13.3b by the following three steps. 
Step I. Firstly we will show that for any e > there exists a constant C e > such that 

Vue C °°(K 2 "), \\A v f(x^u\\ 2 L2 < e\\f(x)iu\\ 2 L2 + C £ { ||Pu||* 2 + ||u||* a } . (3.4) 

To confirm this, we use (12.3b to get 

\\k y f{x)*uf L2 < Re(p/(x)3 U) f(x)iu) L2 

= Re^Pu, f(x)iuj 2 +Re^ P, f(x)§ u, f(x)iu} . 

The upper bound of the term Rc ^F«, f(x)iu) can be obtained by Cauchy-Schwarz's inequahty. Then the 

required estimate (13.4b will follow if the following inequality holds: for any £i, £2 > 0, there exists a constant 
C £li£2 such that 



To prove (13.5b . we use (13.1b : this gives 

P, f(x)*] <C\y\f{xf-i, 



£ 1 ' £ 2 II \\L 2 ' 



(3.5) 



and hence 



Vei>0, Rc 



( P, f(x)i u, f{x)3uj L2 <e 1 \\A y f(x)3u\\ 2 L . 2 +C £l \\f{x) s lu 



l 1 1 2 

L 2 ' 



Since s — | < | for s < | then the following interpolation inequality holds: 



3^3 

Ve 2 > 0, ||/(x) s -3 U || < e 2 ||/(x)3 U || + C e2 u 



L - ' 



Now combination of the above inequalities yields ( 13.5b . 

Step II. Next we will show that there exists a constant C > such that 

V«e C °°(R 2n ), ||/(a;)3u|| 2 2 < C { Rc (iQu, Ru) L2 + \\Puf L2 + ||u||* 2 } . (3.6) 
Since Q = y ■ D x — d x V(x) ■ D y and R = 2f(x)~%d x V{x) ■ y, then it's a straightforward verification to see that 
l - [R, Q] = f{x)-i \d x V{x)\ 2 -yd x (f{x)-id x V{x) • y) . 



As a result, we use the relation 



Re (iQu, Ru) L2 = - ([R, Q Xo ]u, u) L2 



to get 



Re {iQu, Ru) L 2 = 



\f(x)-*u\\ 2 L2 - ((y ■ d x (f{x)-id x V{x) ■ y 



This gives 



|/(a;)3u||^ 2 < Re{iQu, Ru) L2 + ||u||^ 2 + ( y ■ d x (f(x)-id x V(x) 



u, u 



L 2 



L- 



I 1 1 2 

II 2 



Moreover, by use of ( 13. lb . we compute 

V ■ d x (f(x)-id x V(x) • y) | < Cf(x) s -i |y| 2 < Cf(x)% |y| 2 , 
which implies that for any e > 0, 

(\yd x (f(x)-$d x V(x)-y)\u, u) ^ < C\\ \y\ /(x)*u||J 8 < C\\A y f(x)*u\ 

< e\\f(x)%u\\ 2 L2 + C s | 11^11^2 + \\u\\ 2 L2 | , 

the last inequality using ( 13.4b . Consequently, 

ii 2m2 ii 2m2 Til n2 1 1 1 1 2 *l 

V e > 0, ||/(x)3u|| L2 < Rc {iQu, Ru) L - 2 + e||/(a;)3«|| i2 + C £ < \\Pu\\ L2 + ||w|| i2 f • 

Letting e > small enough gives ( 13.6b . 

Step ///. Now we prove that for any e > there exists a constant C £ such that 



n 

\( L jLjU, Ru) L2 < e\\f{x)iu\\ 2 L2 + C e { ||Pu| 



2 

L 2 



\L 2 



3 = 1 



} ■ (3.7) 



As a preliminary step, we firstly show the following estimate: 

Ve > 0, 



(y) 2 u\\ 2 L 2 < e\\f(x)*u\\ L3 + C e | ||Pu||^ a + || u ||l2 



} 



where (y) = (l + |y| 2 j " . Using (12.3b gives 

|| (yf u\\ 2 L2 < C { Rc (P (y) u, (y) u) L2 + || (y) u\f L2 } 

= C { Rc (p«, <y) 2 u)^ + Rc ([P, (y)} u, (y) u) L2 } + C\\ (y) • 
This together with ( 12.3b implies that 

||<2/> 2 HI' 2 <c{ WlL + IHlLI + cK^. <»>]«> <y>«>L»l- 

Moreover observe that 

IIP (y)} u\<C{ \d x V(x)\ \u\ + \d y u\ + \u\ } < C { f(x) \u\ + \d y u\ + \u\}, 
and hence for any e > 0, 

KIP (v)] u, (y) u) L 2\ < e\\f(x)§u\\ 2 L2 + C e { ||A v /(x)*u||* a + ||A„u||* a } . 
This along with ( 13.41 ) and ( 12.3b gives 

Ve>0, |([P, (y)]u, (y>«) L8 |<e||/(x)S u ||^+Cf e {||Pu||^ + ||«||^}. 
Now combining ( 13.9b and ( 13.10b . we get ( 13.8b . As a result of ( 13.8b . we have 

Ve>0, || A„ (y)u\\ L2 < e\\f(x) 

3 u 1 1^2 + ^ | II-^IIl 2 ^~ II u IIl2 I • 

Indeed by ( 12.3b one has 



\L 2 ' 



|A y (y) u|| L 2 

< C { Rc (P (y) u, (y) u) L2 + || (y) u|£ a } 

< C|([P, (y)]u, (y) U ) i2 | + c{||P U ||^ + ||(y) 2 U || i2 } 



(3.8) 



(3.9) 



(3.10) 



(3.11) 



i2 



So ( 13.111 ) can be deduced from ( 13.8b and ( 13.10b . Now we are ready to prove (13.7b . Observe 

(L*LjU, Ru) L2 = (f(x)^LjU, f{x)'^L 3 RuJ^ < \\ A y f (x)i u\\ 2 L2 + \\f(x)~i LjRu\ 
Then in view of ( 13.4b . we see that the required inequality (13.7b will follow if the following estimate holds: 

Ve > 0, WfixyHjRuWlz < e\\f(x)iu\\ 2 L2 + C £ { ||Pu||* a + ||u||* a } . (3.12) 



Since 



then 



Ljiiu = 2uf{x)-*d Vi (d x V(x) ■ y) + 2f(x)~^ (d x V(x) ■ y) d Vj u + f(x)-* Vj (d x V(x) ■ y) u, 



\\f(x) §LjRu\\ 2 L3 < c| ||u||^ 2 + \\A y (y)u\\ 2 L . 2 | . 

This along with ( 13.111 ) gives ( 13.121 ). completing the proof ( 13.7b . 

Now we combine the inequalities ( 13.3b . ( 13.4b . (13.6b and (13.71 ). to obtain 



I n II 2 II 1 1 2 

|-PU|| £2 + \\U\\ L 2 



Ve > 0, ||/(a;)3u|| ia < e||/(x)3«|| ia + C e | 
Taking e = ^ gives the desired estimate (13.2b . This completes the proof of Proposition 13. II □ 

4 Proof of Theorem ll.lt the second part 

This section is devoted to the proof of (11.4b . and then the proof of Theorem l 1 . 1 1 will be completed. As a conven- 
tion, we use the capital letter C to denote different suitable constants. Let V satisfy the assumption ( 11.2b . In the 
sequel we use the notation 

f(x) = (l + \d x V(x)\ 2 ) i . 
Then (11.2b yields 

Viel", \d x f(x)\ <Cf(x) s . (4.1) 

In view of ( 12.3b . to prove (11.4b one only has to show 

Proposition 4.1 If V{x) satisfies the assumption ftl.2]) , then 

VueCZ°(m. 2n ), \\(l-A x )iu\\ L2 <c{\\Pu\\ L2 + \\u\\ L2 }, (4.2) 

where 5 equals to ^ if s < ^, | — si/|<s<^p and | — | if ^ < s < |. 

We will use localization arguments to prove the above proposition. Firstly let's recall some standard results 
concerning the partition of unity. For more detail we refer to (6) for instant. Let g be a metric of the following 
form 

g x = f(x) s \dx\ 2 , x e W 1 , (4.3) 

where s is the real number given in ( 14.1b . 

Lemma 4.2 Suppose f satisfies the assumption j4.lt . Then the metric g defined by ( 14.51 ) is slowly varying, 
i.e., we can find two constants C* , r > such that if g x {x — y) < r 2 then 

c a < < cfl 
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Proof. We only need to show that 

3r,C* >0, Vx,yeW, \x - y\ < rf{x)~i =► C" 1 < < C». (4.4) 

Making use of ( 13.1b and the fact that s < | , we have 

VxGR™, 1^ (J(a;)-f)| < /(.x)-*- 1 l^/Cx)! < C/Cx)*- 1 < C 

with C the constant in ( 13.11 ). As a consequence, one can find a constant C depending only on C and the dimension 
n, such that 

Va^eR* |/(a0-*-/(y)-*|<<7|s-y|, 
from which we conclude that if \x — y\ < rf(x)~i then 

!/(*)-* -/(y)" f | <^/(x)-*. 

Thus 

/(*)* 



< rC. 

This gives ( 14.4b if we choose r = § and C* = 2. □ 
Let 5 be the metric given by ( 14.3b . We denote by 5(1, <?) the class of smooth real-valued functions a{x) 
satisfying the following condition: 

V 7 G Z" , V .t G R™ , |5 7 a(.T)| < ^/(x)^. 
The space S(l,g) endowed with the seminorms 

\ a \k,s(i,g)= SU P f{x)~^ \d 7 a(x)\, fc>0, 

a;eR'«,|7| = fc 

becomes a Frechet space. 

The main feature of a slowly varying metric is that it allows us to introduce some partitions of unity related to 
the metric. We state it as the following lemma. 

Lemma 4.3 ((Lemma 18.4.4. of JH)) Let g be a slowly varying metric. We can find a constant r$ > and a 
sequence x^ G R™, fi > 1, such that the union of the balls 

^,r = { x e M "> 9x„ (x - x^) < rl } 

coves f/ie whole space R™. Moreover there exists a positive integer N, depending only on ro, such that the 
intersection of more than N balls is always empty. One can choose a family of nonnegative functions { tp^ } fl>1 
uniformly bounded in S(l, g) such that 

suppv? M C Q ftro , ^2<fl = 1 and sup \d x <p,j,(x)\ < Cf{x)i. (4.5) 
Here by uniformly bounded in S(l,g), we mean 

su p|^l fc ,s(i. 3 ) ^ fc ^°- 

Remark 4.4 If we choose ro small enough such that ro < r with r the constant given in Lemma l4~2l then 
there exists a constant C, such that for any /i > 1 one has 

Va^esuppyv, C~ x f{y) < f{x) <Cf{y). (4.6) 
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Lemma 4.5 Let V(x) satisfy the assumption ( 17.21 ). and let { ip^ }„ >1 be the partition of unity given above. 
Then we have for any u S Cq° (M 2n ) , 



^ || (y ■ 9 x ^ t ) u|| ia < C\\A y f(x)^u\\ 2 L2 

M>1 



E H^Cx) - d x V(x M )) ■ d y u\\^ L2 < C\\kyf(xY- 

M>1 



L- 



and 



Proof. Firstly we show ( 14.71 ). Observe 

2 



lL 2 ' 



(4.7) 



(4.8) 



and by Lemma 1431 we see that X^>i I^b^I is a sum of at most N terms and hence bounded from above by 
f s . As a result, 

£ (y • ^(x)) 2 < C \y\ 2 £ |d^| 2 < C \y\ 2 f s . 
n>\ n>l 

Then ( 14.7b follows. Next we estimate (14.81 ). Note that x — x^\ < C/(x M )~ 2 for any a; G supp (p^, and hence 
we can deduce from (11.2b and ( 14.61 ) that 



fi>i (i>i 

This along with the inequality 



X ) X X j. 



<C^^(x) 2 /(x) 8 <C/(x) 8 

M>1 



^ ||^( a; ) (3e^(x) ~ dxVix^J-dyuW^ = ( E ^V^) 2 I^V^x) ~ d x V{x ll )\ 2 \d y u\ , |e? B 



fj,>i 



' L 2 

implies (14.8b . Then the proof is completed. □ 

Lemma 4.6 Lef { (p^ } M>1 fee f/ze partition given in Lemma \4~3] and let a G]0, l/2[ fee a rea/ number. Then 
there exists a constant C, depending on the integer N given in Lemma \4~3\ such that 

Vue C °°(K 2n ), || (1- A x )%|| 2 2 < CJ2\\ (1 - A,) a ^|| 2 2 +C||P U || 2 2 +C|| U || 2 2 . (4.9) 

fi>i 

In order to prove Lemma I4~6l we need the following technical lemma. 

Lemma 4.7 Let b G] 0, 1 [ be a real number and | D x | b be the Fourier multiplier defined by, with u G (R™ ) , 
\D X \" u(x) = T~ x (\Z\ b u(0) ■ 
Let {iff! } fl>1 be the partition given in Lemma \4~3\ Then there exists a constant C such that for any u G (W l ) , 



-s/2 



fj.>i 



^ u IIl 2 (r«) 



< c 



and 



\D x \ b , f 



b f-s/2 



< c 



Il 2 (R" 



(4.10) 



(4.11) 



1/2 



Recall here f(x) = + \d x V(x)\ J and s is the real number given in A4.H . 
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Proof. In the proof we use C to denote different suitable positive constants, and for simplicity we use the notation 

w M = .r s/2 w 

In view of Lemma l4~3l and the estimate (14. 11 1, we have 



sup V \f^{x)\ 2 + sup V (^(x) -u^(:r')| 2 + sup V l^w^x)! 2 < C. 

(4.12) 

Next we will show the following relation 

V«eC -(l"), \D x \ b u(x)=C b [ U{X) ~1 { Z~ X) di (4.13) 

JR™ |x| 

with Cb ^ being a complex constant depending only on the real number b and the dimension n. In fact, the 
inverse Fourier transform implies 

\x\ JR™ \JR" \x\ J 

On the other hand, we can verify that 



di = \Z\ b I ~ n+h dz - 



\x\ n+b V \z\ n+b 

-iz-S- 

Observe that / R „ ^^J^ dz ^ is a complex constant depending only on b and the dimension n, but inde- 
pendent of £. Then the above two equalities give (14.13b . Now we use (14.13b to get 

m IW f u^ip^xjujx) - (JjJje - x)yy(x - x)u(x - x) 

\JJ X \ (Up tf/j, U){X) — Oft ; n+6 

JK" |x| 

= w M (x)|D !E | (v? m m)(x) + CW —— b dx, 

JR" \X\ 



which gives 



Lp^jx - X)u(x - ^(u^x) - UJ^X - j)) 

[\D X \ , uj^\ (<^it)(x) =C b — y — b '-dx. (4.14) 



Let p be the characteristic function of the unit ball { x € M. n ; \x\ < 1 } . We compute 

u{x - x)ip^{x - x)(u^{x) - u^(x - Z)) \ 
2^ LID*! , w„J tpuvWp = \C b \ | 2^ —^Th dx | dx 



H>1 \/i>l 



2 



<2|C b | 2 / (2/ ^ )<X = ~ = = ^ 1 dx 



,(1>1 



2 | Gfi |2 / ly /■ (1 -p(x))u(x-x)y M (x-x)(o; M (x) -uy(x-x)) , ^ 



=: ^.i +A 2 - 



Now we treat the terms Ai and A-2- Cauchy's inequality yields 



/x>i 



u>l J \fi>l 



This along with (I4.121 i gives that for any x, x € M n , we have Y2u>i ( Pi*( x — x ) ( w m( :c ) — <*v(a; — x)) 
hence 

jr™ \_jr™ |x|™ y 

Moreover, using the relation 



< Cand 



(x) — uj^{x — x) = / d x u)^(tx + (1 — t)(x — xj) • x dt 



and the inequality (14.12b yields that for any x, x £ R" we have ^X)^>i l^vl 2 -') — ~ £ )rj <C|x|and 
hence 



^ ^(x - x) (w M (x) - w M (x - x)) 

M>1 



<C|x| 



which implies 

Ai < C 



p(x) \u(x — x)| 



dx dx. 



Combining these inequalities gives 



/?(x) |u(x — x)\ 

\x\ n+b - 1 



da; dx 



(1 - p(x)) |m(x - x)| 



|x|" +6 



dx dx. 



Moreover, for the terms on the right side of the above inequality, we can use Young's inequality for convolutions 
and the fact that p is the characteristic function of the unit ball, to get 



p{x)Hx-x)\ ds \ dx<cM i 

i~in+&— 1 / — II Mi J (K n ) 



I n+&- 1 



< C kt 



and 



(1- P (X))\U(X-X)\\ dx<cWi 2 



\x\ n+b 



1-p 



in+6 



< C ft 



L 2 (R™)' 



We combine these inequalities to get the desired estimate ( 14.101 ). The estimate ( 14.111 ), which is easier to treat, can 
be obtained via the similar arguments as above. This completes the proof. □ 



Proof of Lemma \4~6\ We only need show that, with b g]0, 1[, 



e C^(m 2n ), || \D x \ b u\\" L2 <cY\\ + c\\ Pu \\h + C \\ U \\ L 2- 



(4.15) 
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BydOJ, we see II IA^mI!^ = II XL>i lAr| & fl, u \\ %■ Thus 



\D x \ b u u2 



L- 



<2||£ [|A.|\ f-*<p,>] Vvf 



\L- 



li>l 



aH^r^lAslW 1 



lL 2 ' 



In view of ( 14.10b we have 



H>1 



D x \ b , / 2^ ip^f^u\\ 2 L2 <C\\fiu\\ 2 L2 <C\\Pu\\ 2 L2 +C\\u 112 



(4.16) 



(4.17) 



the last inequality following from (13.2b . It remains to handle the second term on the right side of ( 14.161 ). For each 
\i > 1, set 

Ifj, = { v > 1; supp <p v n supp </2 M 7^ } . 

Then 7 M is a finite set and has at most N elements. Recall N is the integer given in Lemma l4~3l such that the 
intersection of more than N balls is always empty. Direct calculus give that for any u G C^°(M 2 "), 



|U>1 ^GJ M 
|2 



< 53 S 11^/ 1 \ D *\ b <pnf*v\\v + E E IK-f s lAsi^/HI^ 

fi>l "Sin M>1 "£J*i 

= 2 E E ll^r f ia^iV/HIL 



< 2 EE ll/" f lA.fW^fc- 



Since 7^ has at most iV elements then it follows that 



VuG C °°(R 2rl 



)> II E/~ f ^ < ||r 5 IA.IV/HIL- 

M>1 M>1 



(4.18) 



One the other hand, one can verify that 

Ellr 1 ia*iV/*«IIL ^ Ell [iai 6 , r*]vM/*«llia+EIH £, *i 6 /~ 4 ^/ s -i 

/^>1 M^l 



< c?EIM' 



lL 2 
i2 



cEII iai 6 



- ^II^^IIl 2 + II u IIl 2 + ^E II i I) ^i b< < s M it llt2 ! 



the second inequality using (14. lit and the last inequality using (13.2b . These inequalities along with ( 14.18b gives 



6 II 2 , r>\\ u II 2 



L- 



lL 2 ' 



This along with ( 14.161 ) and ( 14.171 ) yields the desired estimate ( 14.151 ) , completing the proof of Lemma l4~6l □ 



4.1 End of the proof of TheoremO 

In this subsection we prove Proposition 14. II Let { <p M } fl>1 be the partition of unity given in Lemma l4~3l For 



each /j, > 1, define the operator by 

Rfj, = -y ■ d^ip^x) - (d x V{x) - d x V{x^)) ■ d y . 
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(4.19) 



We associate with each x^ 6 W 1 the operator 

P^=V-d X - d X V(x,) ■ dy - Ay + ^ . 

Then we have 

ip^Pu = P X<M ip f _ t u + R^u 
with i? M the operator given in ( 14.19b . This gives 

Y, \\p<c„ <p M v\\ 2 L , < 2 Y \\^ Pu \\l- + 2 Y \\ r »v\\ 2 l* ^ 2 \\ Pu \\l* + 2 E II^HlL- ( 4 - 2 °) 

Proposition 4.8 There is a constant C independent of , such that for any u E Cq° (M 2n ) , one has 

\d x V( Xft )\i \\u\\ 2 L2 + || (1 - A x )i u\\ 2 L2 <C{ \\P x .u\\ 2 L2 + \\u\\ 2 L2 } , (4.21) 
or equivalently, 

IIaI^H^ < C { ||P a( .u||^ + ||u||* a } , (4.22) 



where K Xft = {l + \ \d x V(x^ - 

The above proposition can be proven in the same way as Proposition 5.22 of 0, by taking Fourier analysis in 
the x-variable and then reducing the problem to a semi-class problem. We refer to 13 and references therein for 
more details. For the sake of completeness we present a direct proof in the Appendix at the end of the paper. 

Lemma 4.9 Suppose V(x) satisfies the assumption ( 17. 2D . Let be the operator given in \4.19\ . Then 

vue c °°(R 2n ), \\ R M\v ^ c { \\ p f( x ) Su \\l* + \\ Pu \\ 2 Li + NIL } . ( 4 - 23 ) 

where s = | — 6 with S given in ( 17.41 ), i.e., s equals to if s < |, s — § (f| < s < anaf | (f-^ < s < |. 
Proof. As a convention, we use the capital letter C to denote different suitable constants. Since V(x) satisfies 

i2 



( 11.21 ). then ( 14. Il l holds. Observe 1 1 -R^w II r 2 is bounded from above by 



M>1 



2 X] II ' ^^)m|| L 2 + 2^ ||yv(» (d^x) - d x V(xp)) ■ d y u\\ L2 . 
Then in view of ( 14.7b and ( 14.8b . we have 

XI H-^IlL ^ cH^wO)*"!!^- 

So we only have to treat the term || A y f(x)^u\\ 2 L2 . It follows from ( 12.3b that 

\\A v f(x)^u\\ 2 L2 < C{ \(Pf(x)iu, f(x)^u) L2 \ + \\f(x)%u\\ 2 L2 } . 
Since § < § then by (13.2b we have 

V U eC °°(M 2n ), \\f(x)i U \\ L2 < \\f(x)iu\\ L2 <C{\\Pu\\ L2 + \\u\\ L2 }. (4.24) 
The above two inequalities yield that for any u G C§° (R 2n ) , 

\\Ayf(x)^u\\ 2 L2 <c{\(Pf(x)*u, f(x^u) L2 \ + \\Pu\\ 2 L2 + \\u\\ 2 L2 y (4.25) 
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a) Firstly let us consider the case when s < 4 . In such a case, we have 



\(Pf(x)*u, /(x)*u) £a | < \(Pu, f(x) s u) L2 \ + |([p, f(x)i]u, f{x)^u) ^ 



< Pu 



L- 



|/(X)3 U | 



P f{x)i U, f{x)*U 



L- 



< C\\Pu\\ 2 L2 + C\\u\\ 2 L2 



([p, f(x)i]u, /(x)*u) 



L 2 



the last inequality using ( 13.21 ). This along with ( 14.251 1 gives 



|A„/(s)*«||^ < C\\Pu" 2 



\L- 



([p, /(*)*]«, /(x)*u) 



L- 



On the other hand using ( 14.1b with s < # implies, for any e > 0, 



([P, f(x)i]u, f(x)^u)J < C\\A y f(x) 



\L 2 II "IlL 2 



< e\\Ayf(x) 4 - 



lL 2 



CJ 



\L 2 ' 



Combining the above two inequalities and taking e < tj, we get 

\\Ayf(x)§u\\ L2 < C\\Pu\\ L3 + C\\u\\ L2 . 
Since U-R^uU^ < C\\A y f(x)iu\\ L2 , then the above estimate gives the validity of ( 14.231 1 for s < |. 
b) Next we shall prove (14.23b for|<s<|.If^<s<#, then it follows from (14.25b and ( 14.24b that 



VC °° (R 2 ' 1 ) , \\A y f(x)*u\\l 2 ^ C\\Pf{x)iu\[ L2 + \\Pu\\ L2 + 

This gives the validity of d4~23l for s e] ^ , | [. 

Now we focus on the case when | < s < Observe that 

|<P/(x)i«, /(x)t«) L2 | = |(P/(ar)4ti, /Or)^*"^)^ 



lL 2- 



< 



Pf(x) s -tu, 



L 2 



P, fix) 2 3 f(x)iu, f(x)3u 



L- 



Moreover since f(x) satisfies (14.1b . then 

[p /(*)*"*] < C | V | /(x) 2s -§ |tt| 

and thus 



(4.26) 



L 2 



P, f(x)>—° f(x)>u, f{x)*u) <e\\k y ftxy s -*u\\Z 2 + C e /(*)* 



li 2 



Combination of the above three inequalities gives 



KP/(x)*«, /(x)iu) i3 | < e||A,,/(s) aa -*u||J a + C e { ||P/(x) s -« U ||^ + ||/(x)^||' 2 } 



Moreover since 2s — | < | for s < then 

|| A 2//(x) 2s_ H| L 2 < ||A y /(a;)*u|| 2 2 , 
and hence by ( 13.2b we obtain 

|<P/(aO*u, /(x)*u) L2 | <e\\K y f{x)ivf L2 +C £ {\\Pf(xy 



3(i 



L 2 



Pu 



L 2 



,} 



Inserting the above inequality into (14.25b and then taking e small enough, we get the desired estimate ( 14.23b for 
| < s < Thus the proof of Lemma l4~9l is completed. □ 
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Now we are ready to prove the main result of this section. 
Proof of Provosition \4.1\ Now we want to show that 



|| (1 - A x )' u|| 2 2 <c{||Pu||^ 2 + ||u||^}. (4.27) 

Recall 5 equals to | if s < §, | - s if | < ,s < ^, and | — §if^<s<§. Using the estimates (I4.20l i and 
( 14.231 1 gives that 

V«£ C °°(R 2 "), £ ||P^^u||' 2 < C{ \\Pf(x) s u\\ 2 L2 + \\Pu\\ 2 L2 + \\u\\ 2 L2 } , (4.28) 



M>1 

2 



where s = | — 5. We can verify that 

- s + s - 1 < 0. (4.29) 
Firstly let us consider the case of s < | . Then s = and (14.28l l becomes 

V u eC °°(R 2 "), Ell p ^HlL < c {llHI^ + IMlL}- 

On the other hand, using (14. 9t with a = i and then ( 14.211 ). we have 

\\(1-A x )i u \\l 2 < C^||(1-A X )^ U || 2 2+ C||P U || 2 2 +C|H| 2 L2 

+ c?5^||^«|| ia + C||Pu|| i2 + C|| 

U \\ L 2- 

As a result, we get from these inequalities 

Vae C °°(M 2n ) || (1 - A x )* u||^ 2 < c{ ||Pu||* 2 + ||«||ia}. 
This gives the validity of (14.27b for s < 



3 - 

Now we consider the case when | < s < |. Note that S — | — s. Then we use ( 14. 9t with a = | to get 



(1 - A*)* u||" 2 < II (1 - A,) 1 p„u||* a + C||Pu||* a + Clk" 2 



L- 



M>1 



1 - 



M>1 



= C E II ( : + 2 l 9 ^^)! 2 - A,) 3 (l + - \d x V{x^)\ 2 - A X )^^ W || 2 L2 

+ C||Pu||^ 2 + c||m|| 2 2 

^ C Y.\\( l+ 2 l 9 - F ^)| 2 - A*) "/ {xJ-'tpnuW^ + C\\Puf L2 + C\\u\\ 2 L2 . 

Consequently, using ( 14.22b yields 

|| (1 - A,)' u || 2 2 < CY, ll P *, /(^)">m «t + C||Pu|| 2 2 + C||u|| 2 2 . 

Thus (14.27b will follow if we can show that 

Y W P ^ f( x ^~ S( Pn 4 2 L 2 <C{ \\Pu\\ 2 L2 + \\u\\ 2 L2 } . (4.30) 
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To prove (14.30b . we write 
Then 

EIK /(<rvHI' 2 < go + (-^) 



with (7), (77) given by 



2 

H>1 



(I) =2J2\\ (f(xYf(x,)- S ) P*„ V*f{x)- i u 



and 



(77) =2^ || [P^, f(xff(x,)- s ] ^/(.*r 



(U>1 



By (14. 6b . we see 



(7)<C^||P X( , ^/( 



; 1 1 2 



This along with ( 14.28b gives 

(7) < C { ||Pu||* 2 + ||P/(x)- 5 W ||' 2 + ||/(z)- s u||* a } . (4.31) 
By use of (14. lb and (14.29b . we have 



[P, /(x)- s ]«||; a <C||/(x)-" + - l | I ,|u||2 a <C|||y| U 



and hence 

||P/(x)- s «||' a < 2||Pu||* a + 2|| [P, /(x)- s ] M ||' 2 < C{ HPuII^ + ||u||^ } . 
This along with ( 14.31b gives 

7<c{||P U ||* 2 + |H|* 2 }. 
Now it remains to treat the term (77). The equality 

m s f(x ll )- s ] = (yd x {f(xy)) f( Xll )- s 

gives 

(77) =2^ || {yd x (f(xf))f(x^f(x)- s ^u\\ 2 L2 . (4.32) 

(U>1 

By (l4~6l . d4~TT > and gj29), we have 

1^ {f( x y)\ f{x^)-' s f{x)-~ s ^ < cm*- 1 -'* < a 



So 



|2 _ „ II 1 1 2 _ ^,|| , 1 1 2 

\l 2 ' 



This along with ( 14.32b gives 

(77) < C||A. y u||^ 2 < C { \\Pu\\ 2 L2 + \\u\\ 2 L2 } . 

Combining the estimate on the term (7), we get the required inequality ( 14.30b . The proof of Proposition 14. H is 
thus completed. □ 
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5 Proof of Corollary lL4l 

The method is quite similar as that in |3), and the main difference is that we have to use the functional calculus 
for self-adjoint operators instead of the pseudo-differential calculus used in Q, since in our case the potential V 
only belongs to C 2 (R 2n ). Firstly let us mention some well-known facts on the functional calculus for positive 
self-adjoint operators (see for instance Chapter XI of J9)). Consider the Schrodinger operator 1 + \d x V(x) | 2 — A x 
which is defined on Cg°(W l ). Since 

1 + \d x V(x)\ 2 - A x > 1 

holds in the sense of operators, then it is well-known that 1 + |9 x T^(a;)| 2 — A x admits a unique self-adjoint 
extension on L 2 (R"), still denoted by 1 + |9 x F(a;)| — A x . As a result, using the notation 

A = l + \d x V(x)\ 2 - A x , 
the self-adjoint operator A admits a spectral representation 

»+oo 

A= I \dE x 



o 

with domain 

r- + 00 



D{A) = ju G L 2 (R n ); X 2 d \\E x u\\ 2 L2 < +oo | 



Here { E\ } A>0 is called a spectral resolution of 1 + |9 x l/(x)| 2 — A x . By the spectral representation, we can 
define the fractional power of the operator A as follows: for each 9 > 0, 



with domain 



/ x e r+°° 

A 6 = (l + \d x V(x)\ 2 - A x j = X e dE x 

D(A e ) = | u e L 2 (R n ); \ 29 d \\E x u\\ 2 L2 < +oo | 



Note that (l + 1 6*^ V" ( .-z; ) | 2 - A x )° = /. Moreover, since A = 1 + \d x V(x)\ 2 - A x > 1, then E\ = for 
< A < 1. This allows us to define the negative fraction power by 

r+oo 

A- e = I \~ e dEx, 9 > 0, 

with domain 



D(A- 6 ) = | u € L 2 (W); \- 29 d \\E x uf L 2 < +oo J 



Now we list some classical results to be used frequently on the fractional power of the operator A. For each 
9 > 0, the operators A ±e are self-adjoint on L 2 (W 1 ) , and satisfy the following relation 



(l + \d x V(x)\ 2 - A a ) 6 = ((l + \d x V{x)\ 2 - A x )j 



that is, A 8 is the inverse operator of A B . If 9 e [0, 1] then u e D(A) if and only if u € D(A e ) and also 
A 9 G D(A 1 ^ ). For such u we have 

Au = A 1 ~ e A e u. 
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Moreover the negative power A , 6 > 0, is bounded on L 2 (M. n ), and for any 81,62 > 0, and any u G L 2 
we have 

Since the following inequalities 

1 + \d x V{x)\ 2 - A x > 1 + |^l/(x)| 2 and 1 + \d x V{x)\ 2 - A x > 1 - A x 
hold in the sense of operators, then the monotonicity of operator functional implies for each 6 > 0, 

-28 , „% -26 



(l + IVWf-A.) " < (i + |^y(x)| 2 )" 



and 

-29 



(l + IW^-A,) <(1-A,0" 2e . 
As a result, for each 9 > the following estimates hold: for any u G L 2 (M 2n ) , 

|| (l + I^VXaOf-A^uH^ < || (l + |^l/(x)| 2 )"\|| L2 (5.1) 



and 



|| (l + \d x V(x)\ 2 -A x "j 6 u\\ L2 <\\(l-A x y u\\ L2 . (5.2) 

The rest of the paper is devoted to showing Corollarv ll.4l 
Proof of Corollarv U .4\ Assume V G C 2 (M 2n ) satisfies (11.2b . Then the global hypoelliptic estimates dl.3l ) and 
( 11.4b hold. Let <5 be the number given in ( 11.4b . For any it G C^°(R 2 ™), we can verify that 

1 (\ J_ \A T/f^M 2 _ A ^ „ll 

L 2 



|| (l + \d x V(x)\ 2 - A x y u \\ L2 = I) (l + \d x V(x)\ 2 -A x y (l + \d x V{x)\ 2 - A x )u 

- — 1 -—1 

< I) (l + \8 x V(x)\ 2 -A x y \d x V(x)\ 2 u\\ L2 + \\ (l + \d x V(x)\ 2 -A x y (1-A x )u 



\L 2 



< |||a^(x)| A M || i2 + ||(i-A 

x > W ll L 2 II U \\ L 2 ' 

the last inequality using from ( 15.1b and ( 15.2b with — 6 = j — 1 < 0. As a result, applying ( 11.31 ) and ( 11.41 ) yields 

Vu G C °°(R 2n ), || (l + \d x V(x)\ 2 - A x y u\\ L2 < C{ \\Pu\\ L2 + \\u\\ L2 } . 
This implies the operator 

, s 

1 . r2{ja)2n\ 4 j-^2{m)2n.\ 



(l + \d x V(x)\ 2 ~A x y o(l + P)- 1 : L 



is bounded. Since 



(1 + ^T 1 = (l + \d x V(x)\ 2 -A x ) 1 ° ((l + |9,^)| 2 - A.) 1 o (1 + py 1 ^ 



then the compactness of the resolvent (1 + P) 1 will follow if the operator 



(i+\a x v(x)\ 2 -A x y 



L 2 (R 2n ) -^L 2 (R 2n ) 
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is compact. Recall that a operator B acting on L (R "J is compact if and only if 

V«„eL 2 (l 2 "),«„ w ^ y 0^ lim |LBuJL a = 0. 

_ S 

Then to get the compactness of ^1 + | c?^. V^(aj) | 2 — A x ^j , we have to show that for any sequence { u n } n>1 
converging to weakly in L 2 (R 2 ™), 

_ 6 

lim II (l + \d x V(x)\ 2 - A x ) 2 u„|L 2 = 0. (5.3) 



This can be derived from the compactness of resolvent of the Witten Laplacian AyJ 2 . Indeed, since A^L has a 
compact resolvent then the operator ^1 + \d x V(x) \ 2 — A x ^ is also compact. As a result, 

lim || (l + \d x V(x)\ 2 - Ax) uj| /a =0. 
Moreover since { u n } n>1 is a weakly convergent sequence then it is bounded in L 2 (R 2 ™). Hence 

lim \\(l + \d x V(x)\ 2 - A x ) uJLJ|uJL a =0. (5.4) 
As a result, using the relation 

|| (l + \d x V{x)\ 2 - A x y* u n \\\ 2 = ({l + \d x V{x)\ 2 - A,) \ n , u n "j 



gives 



and hence 



lim || [l + \d x V(x)\ 2 - A x ) 2 u n \\ =0, 



n— > + oo 



lim || ( 1 + \d x V(x)\ 2 - A x ) 2 u n \\ 2 \\u n \\ 2 = . 



71— 5- + 0O 

Repeating the above arguments, we can get 



lim 1 + |8tV(i)r - A x ) u n =0. 



Then the proof of Corollary 1 1.4l is completed. □ 

6 Appendix 

Here we present another proof of Proposition [4J3] Let's restate it as 
Proposition 6.1 We associate with each fixed xq £ l n the operator 

I |2 n 

P Xa = y ■ d x - 5 x ^(x ) • 3 y - A y + J— -=y-d x - d x V(x ) ■ d y + 

j'=i 

TTzen f/iere w a constant C independent o/xq, such that for any u £ Cq° (R 2 ™) , owe 

l^y(xo)! 1 ||u||* a + || (1 - A x )^ u\\ 2 L2 <C{ \\P Xo u\\ 2 L2 + \\u\\ 2 L2 } , (6.1) 
or equivalently, 

||Al u||^ 2 < C | HP^uII^ + ||u||* 3 | , (6.2) 
w/zere A, = f 1 + \ \d x V{x Q )\ 2 - A, 
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Proof. We will prove ( 16.2b in this proof. To simplify the notation the capital letter C will be used to denote 
different suitable constants independent of xq. Denoting Q X(1 = y ■ D x — d x V(xo) ■ D y , we can write P Xo as 

n 

Px = iQx + L*Lj, 

3=1 

from which we deduce 

n 

V«e C °°(R 2n ), £ ||^||' 2 < Re(P ao u, u) L2 . (6.3) 

3=1 

Then 

||A y u||^ 2 < C | ^2 \\ L 3 u \\l2 + IMIl 2 I - C { Rc (-PxoW, w) L2 + ||u||^ a | ■ (6.4) 

We will proceed to prove (16.2b in the following three steps. 

Step A. We claim, for any e > 0, there is a constant C E , depending only on e, such that 

n 

Px u\\ 2 L2 + \\u\\ 2 L2 1 . (6.5) 

3 = 1 

To confirm this, we apply (16.31 l to get, for any u G Cg* 3 (E 2n ) , 

HLji^H^ < Rc (P XQ L*u, L*u) L2 

= Re([P Xo , Lj]u, L*u) L2 +Re(P xo u, LjL*u) L2 

< Re([P Xo , L*]u, L*u) L2 + -WLjL^-uWl, +2\\P Xo u\\ 2 L2 . 

Hence 

11^1*41, < 2Re([P Xo , L*}u, L*u) L2 +4\\P X0 uf L2 . (6.6) 

To estimate the first term on the right side of the above inequality, we make use of the following commutation 
relations satisfied by iQ Xoi Lj, L k ,j, k = 1, 2, • ■ • , n, 

[iQ X01 L*] = -ld Xj V(x ) + d Xj , [L j} L k ] = [L*, L* k ] = 0, [L h L%] = 6 jk ; 
this gives, for any e > 0, 

Re([P Xo , L*]u, L*u) L2 = (L*u 7 L*u) l2 + (( - ^d Xj V(x ) + d Xj ^u, L*u^ 

Moreover we use ( 16.3b again to obtain 



i 2 

i\\ 2 r , + C?Jy ||Lj-A| u||^ 2 + ||L^u||^ a + ||m||^ 2 I 



||LjA| u||^ 2 < Rc^Pj; A| u, Aj u^ =Rs(p xo u, A| ti^ 
Combining these inequalities, we conclude 

Re([P Xo , L*]u, L*u) L2 < e||AJ u||^ 2 + C e { ||Pa:ow||la + IMlL } ; 
and thus by ( 16.61 ) 



I l|2 II ~ — l|2 fll ||2 1 1 1 1 2 1 

ILjLjuW^ < s\\A£ u\\ L2 + C e I ||P Xo u|| i2 + p|| L 2 j 
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Observe 



I l|2 II m2 M||2 

\ L j L l U \\L2 - 2 \\ L 3 L *3 U \\L2 + 2 IMIl2' 



Then the desired estimate (16.51 ) follows. 
Step B. For xq e R™ consider the operator 

4 = A~* o { d x V{x ) -y + 2D x -D y }. 
It's a straightforward verification to see that 

Re(iQ Xo u, i X0 u) L2 =|([4 , Qx ]«> u) L2 = llA^H^ - u\\ 2 L2 . (6.7) 

Next we will prove that, for any e > 0, 

||4 «||ia < e|| A ^ 3 «||l2 + C e { ||Px w||i 2 + ||ti||" a } ■ (6.8) 
To confirm this, observe 



\\e xo u\\ 2 L2 < 2||A- 2 / 3 d x V(x ) ■ y u\\\ a + 4||A- 2 / 3 ^ ■ < C||AV 3 A 

This along with ( 16.41 ) gives that 



X U II £2 



< C\\ Ali 3 A y u\\ 2 L2 < C { Re (p. AV 3 u , A^u)^ + ||A^ 

< C{\(P X0 U, Ali\)J + \\AV*u\\l 2 }. 

Then we make use of Cauchy-Schwarz inequality and the interpolation inequality that 

Ve>0, \\A-UH\l. <Z\\A% 3 4v + c e\MU 



to obtain the desired estimate ( 16.81 ) 
Step C. Now the equality 



Re(P Xo u, l Xo u} L2 = Re(iQ Xo u, £ Xo u) L2 + Re^ (L*LjU, £ Xo u) 



3=1 



gives 

i2 



1 1 2 X — ^ 11 1 1 2 1 1 2 

Rc {iQ Xo u, l XQ u) L2 < \\P Xo u\\ L2 +2_^\\LjLju\\ L2 + \\ 

x o u \\l2 
3=1 

< e\\A 2 J 3 u\\ 2 L2 + C e { ||P ao u||J a + ||u||* a } , 
the last inequality following from ( 16.5b and ( 16.8b . This along with ( 16.7b gives at once 



< e||A£/ 3 it||* a + C e { 11^11*2 + ||u||* a } 



Letting e small enough such that e < i , we obtain the desired upper bound of the term on the left of 
completing the proof of Proposition ^. II □ 
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